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MEMBRANE AND BENDING STRESSES IN SHALLOW
SPHERICAL SHELLS*

F, Y, M, WAN

Department of Mathematics, Massachusetts Institute of Technology, Cambridge, Massachusetts

Abstract-The exact solutions of the stress and displacement boundary value problem for a shallow spherical
thin elastic shell of constant thickness subject to self-equilibrating edge loads are obtained. The asymptotic
behavior of these exact solutions delineates the dependence of the interior and edge zone stress state on the applied
loads. Relations between these results and previous results obtained by a direct asymptotic analysis of these
boundary value problems are established.

1. INTRODUCTION

THE nature of the interior stress state ofa thin elastic shell under external loads has received
considerable attention in recent years [2-5]. The interior ofthe shell may be in a membrane
state, an inextensional bending state or a mixed state of stress depending on the applied
loads, The present work offers a different perspective to this dependence. We consider a
complete shallow spherical-cap without surface loads. The edge of the shell is subjected to
self-equilibrating loads which vary sinusoidally in the circumferential direction. We solve
the boundary value problem exactly and study the asymptotic behavior of the exact solu
tion in order to delineate the dependence of the interior and edge zone stress state on the
applied edge loads. In this way we establish relations between results obtained in the earlier
works by a direct asymptotic analysis of the boundary value problem and the asymptotic
behavior of the exact solution to the same problem which is obtained herein.

2. FORMULATION OF PROBLEM

The system of differential equations governing the small deformations of an isotropic,
shallow spherical shell with constant wall thickness and without surface loads [3] may be
written in the form

(2.1 )

w = the normal component of the middle surface displacement,
F = a stress function representing the direct stress resultants,
R = the radius of the spherical middle surface,

• This paper is based in part on a portion of a S.M. Thesis accepted by the Massachusetts Institute of Tech
nology in May, 1963 [I]. The author is grateful to his thesis adviser, Professor Eric Reissner, for suggesting the
problem and for his guidance. Preparation of the Thesis was supported by MIT Lincoln Laboratory. Preparation
of this paper was supported by the Office of Naval Research.
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r, () = polar coordinates in the plane tangent to the apex of the shell,
D = Ebh

3112(1- v2
), A = 1lEsh,

v = Poisson's ratio.
Some degree of nonhomogeneity is included in the above formulation by allowing an
independent choice of bending and stretching moduli of elasticity. For a completely
homogeneous shell, Eb = Es = E, wnere E is Young's modulus.

The relevant stress resultants and couples are given in terms of F and W by

N r = r- 1F,r+r- 2F,oo, No = F,rr' N ro = -(r-1F,o),r'

Qr = -D(V 2 w),r' Qo = -Dr- 1(V2 w),o,

M r = - D[w,rr+ v(r-1w,r+ r- 2W ,oo)], (2.2)

M o = -D[vw,rr+r- 1w,r+r- 2w,oo],

M ro = -D(1-v)(r- 1 w,O),r' Rr = Qr+r-1Mro,o'

The general solution to (2.1) has been obtained in [3]. For our purpose, we consider the
solution contribution which leads to finite stresses and displacements at the apex, in the
form

where

{
a2B 1 }

W = D(1_n
v
)pn+ JD[Cnbern(Ap)+Dnbein(Ap)] cosn()

F ={ a2Anp
n- JA[Cnbein(AP)-Dnbern(AP)]}cosn()

(2.3)

r
P = -,

a
(2.4)

(2.5)

and where An' Bn, Cn' Dn are constants of integration to be determined by the boundary
conditions at r = a. Since the shell is complete in the circumferential direction, we take n
to be a non-negative integer.

From (2.3) and (2.2) follows

N r = - {n(n-1)Anp
n- 2+ a2DA) [Cnf..iAp)+ Dnf..d(AP)]} cos n()

No = {n(n-1)Anp
n- 2- a2~A)[CJoiAP)+DJoiAP)]} cos n()

N ro = {n(n -l)Anp
n- 2 + 2 A~ [Cnf.iAp) + Dnfsd(AP)]} sin n()

a (vA)

Qr = (~ {Cnbei~(Ap)-Dnber~(Ap)}cosn()
aR A)

Qo = ~ ( ,n ){Cnbein(Ap) - Dnbern(AP)} sin n()
aR( A) AP

Mr = { - n(n-l)Bnp
n- 2+R(~A)[Cngrc(Ap) +DngriAP)]} cos n()
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M B= {n(n-l)B"pn-2 +R(~A) [CngBc(Ap)+ DngBi2p)] }cos nO

M rB = {n(n _l)Bnpn-2 + R(~A) [Cngsi2p) + D~si2p)] }sin nO (2.5 cont'd.)

Rr = ~{n2(n-l)Bnpn-3 +R(~A)fCngnC<2p) +Dngnd(2P)]} cos nO

where

frix) = x-l[bei~(x)-n2x-lbein(x)], frd(X) -x-lrber~(x)-n2x-lbern(x)]

!Bc(X) = bern(x)-x-l[bei~(x)-n2x-lbein(x)]

!Bd(X) = bein(x)+ x-l[ber~(x)-n2x-lbern(x)]

!.c(x) = -nx-lrbei~(x)-x-lbein(x)], !.d(X) = nx-lrber~(x)-x-lbern(x)]

grix) = bein(x)+(1-v)x-l[ber~(x)-n2x-lbern(x)]

grix) = -bern(x)+(l-v)x-l[bei~(x)-n2x-lbein(x)]

goix) = vbeiix) (l-v)x-l[ber~(x)-n2x-lbern(x)]

gOd(X) = - vbern(x) - (1- v)x- l[bei~(x)- n2x- 1bein(x)]

gsc(x) = (1- v)nx-l[ber~(x)-x- lbern(x)]

gsd(X) = (1- v)nx-l[bei~(x)-x-1bein(x)]

gnc(x) = bei~(x)+(1- v)n2x - 2[ber~(x) - x- 1bern(x)]

gnd(X) = -ber~(x)+(l-v)n2x-2[bei~(x)-x-lbein(x)].

Primes here indicate differentiation with respect to the argument of the function.
For shallow shells with sufficiently small bending-stretching stiffness ratio, the

dimensionless parameter 2 is large compared to unity. For an isotropic homogeneous shell
of constant thickness

1 a 41 2
A = J(Rh)",[12(l-v)] (2.6)

so that 2 -+ 00 as h -+ O. In the present work, we are concerned particularly with shells
for which 2 ~ n > 1. It is known [3] that for this range of 2, the effect of terms involving
the Kelvin functions bern and bein and their derivatives is confined to a narrow region
adjacent to the edge of the shell; it is therefore referred to as the edge effect. Terms associated
with the constants An and Bn are referred to as the membrane and inextensional bending
solution contributions respectively. The effect of these terms becomes dominant away from
the edge of the shell.

3. THE STRESS BOUNDARY VALUE PROBLEM

Consider a shell acted upon by edge loads and moments at p = 1 in such a way that

(N"Rr,Mr) = (Nn,Rn,Mn)cosn8, N rB = Sn sin n8 (3.1)
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where N", S", R" and Mil are prescribed constants and n 2 2. With equation (2.5), the boun
dary conditions (3.1) assume the form

...1.2
n(n-l)AII+~(/ [C"/',V.)+D,,f..JA.)] = -Nn

a vA)

(3.2)

The solution of this system of four equations for the four unknowns A". Bn, en and D"
may be written in the form

(3.3)

(3.4)

where oc = aiR and

(3.5)

with

(n+1)(1-V)( 2n n}
l1, = 1 2A. oc 2 - T oc 3 + ..1,2 ('.(4

0:2 s,./q". 0(3 = r,./q". (X4 = p,./qn

(3.6)

(3.7)
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and, in the notation of Ref. [6].

Pn = ber;(A)+bei;().), qn = bern(A)bei~(A)-bein(A)ber~().)

rn = bern(A)ber~(A)+bein(A)bei~(A), 8 n = [ber~(AW+rbei~(AW.
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(3.8)

(3.9)

From the expressions for en and Dn , we observe immediately that there is no edge zone
contribution to the stresses and displacements of the shell if Sn + Nn = aRn + nMn = O.
If in addition, Rn = M n = 0, we see from the expression for An and Bn that the shell is in a
pure membrane state of stress. On the other hand, if we have Sn = N n = 0 instead, then the
shell is in a state of pure inextensional bending.

In this work, we are in particular concerned with the range A~ n > 1. For this range
of values of A, we obtain simpler expressions for the solution of the problem, by way of the
asymptotic expansion ofthe relevant Kelvin functions [6],

eJ-!(J2l[ (A rr. nrr.) (4n
2
-1) (A 3rr. nrr.) (I)J

bern{A) ~ J(2rr.A) cos J2 -8+2 - 8A cos J2 -8+2 +0 A2

etc. Correspondingly, we have

0(4 ( 1 )
J2~1+0 A2 • (3.10)

We shall henceforth confine ourselves to homogeneous shells and introduce at this
point for convenience sake a new parameter J1 = A(J2) to take the place of A in all subse
quent asymptotic considerations. In view of (2.6),

_ a 4/ 2
J1- J(Rh)V[3(I-v)]. (3.11 )

The following asymptotic expressions for the X;'s are obtained with the help of(3.10) when
J1~n>l:

X (n-I)(l-v) (I)
1~1+ 2 +0 2 ,

J1 J1

X 1 (n+I)(I-v) (I)
3 ~ + 2 +0 2 ,

J1 J1

1 (n-I)(1-v) (I)
X 2 ~ +0-

2J1 J12

X ~ 1 (n-I)(I-v) (~)
4 + 2 +0 2'

J1 J1

(3.12)

With these, there follows from (3.3)

An = 1 {[I+(n-I)(1-V)+o(~)Js -[I (n-I)(I-V\o(~)JN
2n(n - I) 2J1 J12 n 2J1 J12 n

n-I[ (n-I)(I-v) (I)J }
+~I+ 2J1 +0J12 (aRn+nMn)

1 {r (I )J (n-I)(I-V)[ (I)J= 2n(n-l) L1+~ J12 (Sn-Nn)+ 2J1 1 :-0 ~ (Sn+Nn)

+n~1 [I +o(~,)JaRn+nMn)}

(3.13)
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(n
2
-1l(l-V)[ (I)J }+ 1+0 - (aRn+nMn).

2!HXa Ii
(3.14)

If only the leading terms of the expansions for the Xi'S are retained in (3.13) and (3.14),
the expressions for An and Bn become

I f 11-1 }An = -2-(~~1 (Sn-Nn)+-(aRn+nMn)
n n- ) lY.a

(3.15)

(3.16)

Equations (3.15) and (3.16) coincide with results obtained by Reissner [2J by a direct
asymptotic analysis. Having (3.13) and (3.14), we now see that (3.15) and (3.16) are valid
first approximation to An and Bn, respectively, provided

and

II 11+1 'I I n-l. I- (Sn+Nn)+--(aRn+nMn) ~ (Sn-Nn)+--(aRn+nMn)
P lY.a lY.a

(3.17)

(3.18)

Equations (3.17) and (3.18) are, in particular, always satisfied if all but one of the prescribed
stress quantities vanish.

4. DIRECT AND BENDING STRESSES

To examine the direct and bending stresses in the shell, we consider two representative
quantities (jOD and (jrB given by

NOI(jOD =-h
p=l

r(j~n+ (jbnJ cos nO

6Mr j . ]
-12 I = r(j~n+(jBn cos nO

1 Ip= I

(4.1)



where

with
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(Jan = h2R~ylA)rCngrcfA)+Dngrd().)1

= 6
h
r:t2Q~Sn +Nn)Z3 +n: I (QRn+nMn)Z4]
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(4.2)

(4.3)

(4.4)

(4.5)

For 11 ~ n > L the following asymptotic expansion for the Z/s are obtained with the
help of (3.10)

(2n+ l)-2v (1 ) 1 (2n-1)+2v ( I )
ZI - 1+ 2 +0 2 , Z2 - - 2 +0 2

11 11 11 11

(n+ 1)+2v ( 1 )
Z 3 '" Z4 - 1+ 211 +0 11 2 •

It is not difficult to see from (2.5) that other direct and bending stress quantities are at
most of the same order of magnitude as (JOD and (JrB' respectively. In what follows, we will
first study the relative importance of the interior membrane and inextensional bending
stress through the asymptotic expansion of the Xi'S for 11 ~ n > 1 and indicate certain
limitations on the range of validity of the classical results obtained in [2]. We then turn
to a study of the edge zone stresses to show that beyond the range of validity of the classical
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results for the interior zone state. the dominant stresses in the shell are associated with the
edge zone state.

For /1 ~ n> 1 so that An and Bnare given by (3.13) and (3.14). we have from (4.2)

(J~n n(n+ 1)~r3(l-v2)1

-(Jk-n = - 6112

xl [1+°(t,IJS.-N.I+ (n .1;~I-'ll +o(~)JS"+~"I+~[l+oUJ}aR"+nM") j.
[ (I)J n+l[ (1)~ (W-l)(1-V)[ (I)J1+0 ~ (Sn+Nn)+~ 1+0 /12

J
(aRn-nMn)+ 2w:x.a 1+0 ~ (aRn+nMn)

(4.6)

If all but one of the prescribed quantities N n' Sn' Rnand Mnvanish. then

(Ji ( n
2

)~=o-
(Jkn /12

so that the interior of the shell is in a state of inextensional bending. However. if more than
one of the prescribed quantities do not vanish, the situation needs not be equally simple. It
will be instructive to consider separately two special classes of problems, the class for which
Rn = Mn = 0 and the class for which Sn = Nn = O.

For the first class of problems, (4.6) becomes

l[ (I)J (n-l)(1-V)[ (1)~ j
(J?n=_n(n+l)~l;(1-V2)1 1+0-;; (Sn-Nn)+ 2/1 I+O~J(Sn+Nn).

(J~n 6/1 [1 +O(l)}Sn+Nn)

(4.7)

Equation (4.7) shows that the nature of the interior stress state depends on the relative
magnitude of the two quantities (Sn +Nn)and (Sn - N n)'

IfISn-Nnl = O[(nl/1)ISn+Nnl], we have

The interior membrane stresses are therefore small compared with the interior bending
stresses.

On the other hand. if (nl/1)ISn+ Nnl ~ ISn-Nnl, we have

(4.81

Several possibilities arise depending on the magnitude of the ratio ISn - Nni/IS.+ N nl.
(l) If IS. - N nl and IS.+N nl are of the same order of magnitude which is the normal

situation, then
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and the membrane stresses are again small compared with the bending stresses.
(2) IfISn+Nnl and (n/tt~Sn-Nnl are of the same order of magnitude, then

O"~n = O(~).
rrBn tt

(3) IfISn+Nnl and (n/tt)2ISn-Nnl are 'of the same order of magnitude, then rr~n/O"~n =
0(1). That is, membrane and bending stresses are equally important in the interior of the
shell.

(4) Finally, if ISn+ N nl ~ (n/tt)2ISn N nl, then rr~jO"kn ~ L so that the interior stresses
are predominantly membrane stresses. In particular, if Sn + Nn = °(in addition to
Rn = M n = 0), then there is no inextensional bending deformation contribution in the
shell interior (see equation (3.3».

We note that as long as the interior bending stresses dominate the interior membrane
stresses, we will be interested in the leading term approximation for Bn and not in that for
An' Equation (3.18) indicates that when Rn = Mn 0, the leading term approximation
(3.16) is always adequate.

From the above analysis, we see that interior membrane stresses will be significant
when ISn+Nnl = 0[(n/tt)2ISn-Nnl]' For this case, we are interested in the adequacy of the
leading term approximation (3.15) as well as (or rather than) (3.16). Equation (3.17) indicates
that when R n = M n = 0(3.15) is always adequate for the range of values of Sn and N nto be
considered.

Accordingly, when R n = M n = 0, equations (3.15) and (3.16) together furnish the correct
first order approximation for the interior state for all possible combinations of Sn and N n •

Turning now to the second class of problems, for which Sn = Nn = 0, we have from (4.5)

rrhn n(n-l)~[3(I-v2)1

O"~n 6tt2

(4.9)

(1) If (n/tt)laRn+nMnl ~ /aRn-nMJ which is the normal situation, the second term in
the denominator of (4.9) can be neglected and we have

:t~ = 0(;:).
Therefore, we are interested in an accurate first approximation of Bn • We see that (3.18)
does in fact provide this accurate first approximation.

(2) If, on the other hand, the exceptional case laRn- nMnl ~ (n/tt)laRn+nMnl is given,
then the first term in the denominator of (4.6) can be neglected and we have

O"bn = o(fl-).
rran I-l

While we are again interested in an accurate first approximation to Bn , equation (3.16)
no longer provides this approximation.
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= O(~).

(3) For the rather special case of laRn-nMnl and (nltt)laRn+nMnl being of the same
order of magnitude, both terms in the denominator of (4.9) are equally important. If their
sum is again of the same order of magnitude as the individual terms, the ratio (j'~J(j'~n is
again of the order nip. For this case, (3.16) does not lead to an accurate first approxima
tion; it nevertheless gives the correct order of magnitude of the interior stresses. If the
same sum is such that the denominator is O[(nlp)ZlaRn+nMnl], neither (3.16) nor (3.14) is
sufficient for our purpose and we will have to investigate the higher order terms in the
asymptotic expansion of Bn to determine whether the interior of the shell is in a mixed stress
state of a membrane stress state.

Altogether, the above analysis shows that for the class ofproblems in which the contribu
tion of Sn and Nn to An and En are negligible, the interior of the shell is almost always in a
state of inextensional bending. The only exception occurs when

IaRn-nMn+ (n-1~:1-=j(aRn+nMn)1 = O(~laRn+nMnl). (4.10)

For this exception, the relevant third order terms of the asymptotic expression for En must
be considered in order to determine whether the interior is in a mixed state or a membrane
state of stress. Comparing this with the results for the first class of problems, we see that,
while self-equilibrating tangential' edge loads alone may lead to anyone ofthe three possible
interior stress states, it takes a rather special combination of transverse load and moment
(without tangential edge loads) to induce an interior state other than an inextensional
bending state.

The general case where none of the prescribed edge loads are zero can be investigated
by a similar analysis. However, we shall confine ourselves to some remarks in connection
with the validity of (3.15) and (3.16) as first approximations for An and En respectively. It is
not difficult to see that they in fact lead to an accurate first approximation of the interior
stresses as long as

!(Sn+Nn)+ n:l [(aRn-nMn)+ (n-l~:1 V)(aRn+nMn)] I~ ~laRn+nMnl. (4.11)

Therefore, insofar as the determination of the dominant interior stresses is concerned, the
restrictions (3.17) and (3.18) on the applicability of (3.15) and (3.16) as accurate first approxi
mations can be relaxed to that given by (4.11). When (4.11) is violated, it is not difficult to
see that the interior bending stresses will be much weaker than the stresses of the more
representative cases with only one of the prescribed loads alone acting on the shell. We may
therefore take the sign of exceptionally low (but still dominant) interior bending stresses as
a warning of possible breakdown of (3.16) as an accurate first approximation to En.

Turning now to the edge stresses, we first consider the exceptional case of Sn = N n = 0
and (4.10) being satisfied, so that the classical results for the interior stresses do not apply.
For this case, we have from (4.2), (4.3), (4.5) and (4.10)

(j'~n 1 [aRnX 1 - nMnXzl
(j'~n = - 2n(n+ 1) (aRn+nMn)Z4 j

r
(n-l)(l-v) ]

= 0 (aRn-nMn)+ 2p (aRn+nMn)

(aRn+nMn){1 +O(~)}
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Therefore, the edge zone bending stresses are at least an order of magnitude larger than
the interior bending stresses. Moreover,

:i: = 0(:: ~:) = 0(::)
so that the edge bending stresses also dominate the interior direct stresses. Finally

()~n = o(Zz) = 0(1)
()Bn Z4

so that ()~n is in fact the representative stress level developed in the shell.
It is not difficult to verify that the same conclusions also hold for the more general case

in which none of the prescribed loads is zero and together they satisfy the restriction (4.11).
We conclude therefore that for the exceptional cases for which (3.15) and (3.16) do not
represent a correct first approximation to the interior state, it is the edge zone state rather
than the interior state which is associated with the dominant stress of the problem.

On the other hand, it can be shown by similar considerations that in all cases for which
the classical results are a valid first approximation of the interior state, the edge zone con
tribution is at most of the same order of magnitude as the interior stresses.

5. THE DISPLACEMENT BOUNDARY VALUE PROBLEM

We consider now a shell subject to edge deformations at p = 1 so that

v = Vn sin nO (5.1)

(5.2)

where U and v are meridional and circumferential displacement components, fJ. = - w,. is
the meridional rotation, Un' Vn' wn and fJn are prescribed constants and n ~ 2. To solve this
displacement boundary value problem, we need explicit expressions for u, v and fJ•.

Differentiating equation (2.3), we get

{
naB A }

fJ, = - D(1_n
v
)pn-l +a(~D)[Cnber~(Ap)+ Dnbei~(Ap)] cos nO

In order to obtain U and v, we use the strain displacement relations

v o+u W-'--- = A(N -vN)
r R 9 •

U 9 (v)---!..-+r - = 2(1 +v)AN'9
r r ,.

It follows from (5.3), (2.5) and (2.3) in a manner described in [3] that

{
a3B

U= -na(l+v)AA pn-l+ n pn+l
n RD(n+ l)(l-v)

A(~A)(l+v) }+ a [Cnbei~(Ap)-Dnber~(Ap)] cos nO

(5.3)

(5.4)
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{

a3B
V = na(l +v)AA pn-l + n pn+ I

n RD(n+ I)(l-v)

A(JAHI+V)( n) , , }.a AP [Cnbein(Ap)-Dnbern{Ap)] smnO.

With (2.3), (5.2) and (5.4), the boundary conditions (5.1) assume the form

aZB 1
1 n +i[Cnbern(A)+Dnbein(A)] = wn

D( -v) yD

nazBn A [b '
D(l-v)+ JD Cn er~(A)+Dnbei~(A)] = -aPn

a3Bn n(l+v)(JA)
na(l +v)AAn+ RD(n+ l)(l-v) a [Cnbein(A)-Dnbern(A,») = Vn

a3Bn (l +v)A(JA)., ,
-na(l +v)AAn+ RD(n+ l)(l-v)+ a [Cnbeln(A)-Dnbern(A)] = un'

(5.5)

The solution for the interior state coefficients An and Bn may be written in the form

An = - 2naA;1 + v) {Un Yj -VnYz - 2cr:(1 + v)[WnY3+aPn Y4J}

D(n+ l)(l-vl(
Bn = z t(un+vnlYs-2cr:(1+v)fWnY6+aPnY7l}

2cr:a

(5.6)

where

Y _ ~{l n(n+l)(l+V)( _~ )}
1 - d

z
+ ,tl cr:3 Acr:4 '

1 { n nZ(n+ 1)(1 +V)}
Y3 Adz cr: Z +1cr:3- A3 '

Ys = ;z' Y6 = 2A~z (cr: Z -icr:3 ),

with

(5.7)

(5.8)

and where cr: and cr:;'s are as defined previously. The solution for the edge zone state coeffi
cients Cn and Dn may be written in the form
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(5.9 cont'd.)

Dn = (n:~:~~D)«(Un + Vn>[ber~(,t)-1 bern(,t)]

_ ~~; ~er~(,t)- n(n+;l~1 +v) {bei~(,t)-ibein(,t)}]

_ 2rxaf3n [b (,t) (n+ 1)(1 +V){b "(,t)-~b . (,t)}])
,t(n + 1) ern 2,t eln,t eln .

For Jl ~ n > 1, we have, with the help of (3.10), the following asymptotic expressions
for the quantities ~'s:

1 (n+l)(l+v) (1) 1 (u+l)(l+v) (1)
Y1 ~ + 2 +0 2 , Y2 ~ 2 +0 2

Jl Jl Jl Jl

Y3 ~ 2
1
Jl {1+21Jl[(n-l)+(n+l)(I+V)]+0(~2)}

Y4 ~ (2~)l {I + 2~ [(2n-l)+(n + 1)(1 + v)] + 0(;2)} (5.10)

y. ~ 1 (n+ 1)(1 +v) o(~) y. ~ ~ {I v(n+ 1) o(~)}
5 + 2 + 2' 6 2 + 2 + 2

Jl Jl Jl Jl Jl

Y7 ~ (2~)l {1- 2~[(2n+1)-(n+ 1)(1 +v)] +0(;2)}'

Correspondingly, we have as asymptotic expressions for An and Bn:

An = 1 {[I (n+l)(I+V)+O(~)JVn-[I+(n+l)(I+V)+O(~)JUn
2naA(I+v) 2Jl Jl2 2Jl Jll

2rx(1 +v)wn [ (n-l)+(n+ 1)(1 +v) ( 1 )J+ - 1+ +0-
2Jl 2Jl Jl2

2rxO +v)af3n [1 (2n-l)+(n+ 1)(1 +v) o(~)J}
+ (2Jl)2 + 2Jl + Jl2

= DO-V)(n+l){[1 (n+l)(l+v) o(~)J( )
Bn 2 2 + 2 + 2 Un + Vnrxa Jl Jl

_ 2rxO +v)wn [1 +v(n+ 1)+o(~)J
2Jl 2Jl Jl2

_ 2rxO + v)af3n [1 (n + 1)(1 + v) - (2n + 1) (~)J}
(2Jl)2 + 2Jl +0 Jll .

(5.11 )

(5.12)

If all but one of prescribed edge displacements vanish, we get from (5.11) and (5.12)

(1~n = _ 6Bn = o( n:) (5.13)
(1Dn hAn Jl

so that the interior of the shell is ina membrane stress state.
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If terms of the order n/fJ. are discarded in the 1';'s and contribution for the Wn and Pn
terms are negligible, (5.11) and (5.12) are further reduced to

Vn-Un
An = ,

2na(l +v)A
B _D(I-v)(n+1)

n - 2 2 (Un+Vn)
exa

(5.14, 15)

respectively. Equations (5.14) and (5.15) are exactly those obtained by a direct asymptotic
analysis of the displacement boundary problem assuming that both Wn and aPn are O(exU)
where U is the larger (in magnitude) of Vn and Un [3]. Having (5.11) and (5.12), we now see
that this restriction on the magnitude of Wnand Pn would lead to (5.14) and (5.15) provided
that (un +vn) and (un - vn) are of the same order of magnitude. However, even if IUn+ vnl ~
IUn- vnl, the results of[3] remain valid in that (5.14) continues to give the correct dominant
stresses in the shell. On the other hand, if Iun-vnl = O[(n/fJ.)(un+vn)], in which case the
contribution from Wn and Pn is in fact negligible, it is not difficult to see from (5.11) that
(5.14) would not give an accurate first approximation to An. But at the same time, it is also
not difficult to see that the dominant interior (membrane) stresses are at least an order of
magnitude weaker than for the typical cases. Direct calculations of the edge zone stresses
show again that for this exceptional case for which (5.14) and (5.15) do not represent an
accurate first approximation for the interior stress state, it is the edge zone state rather than
the interior state which is associated with dominant stresses of the problem.
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Resume--Les solutions exactes du probleme de contrainte et de deplacement de limite pour une enveloppe elastique
spherique peu profonde d'epaisseur constante, sujette iI des chargements de bord s'equilibrant tout seuls, sont
obtenues. Le comportement asymptotique de ces solutions exactes trace la dependance de l'etat de contrainte de
I'interieur et de la zone de bord sur les charges appliquees. Des relations entre ces resultats et les resultats precedem
ment obtenus par une analyse directe asymptotique de ces problemes de valeur de limite sont etablies.

Zusammenfassung-Genaue Lasungen werden erhalten fUr das Verschiebungs und Spannungs Grenzproblem
einer flachen elastischen kugelformigen Schale gleichmassiger Dicke, die ausgewogenen Randbelastungen
unterliegt. Das asymptotische Verhalten dieser genauen Losungen gibt die Abhiingigkeit der inneren und
Grenzzonen Spannungszustande von der Belastung. Beziehungen zwischen diesen Resultaten und denen die
durch direkte asymptotische Analyse der Gernzwertprobleme erhalten wurden werden bestimmt.

A6cTpaKT-DoJIY'leHbI TO'lHble peIlIeHHH np06JIeMbl HanpHJKeHHH H CMeIlIeHI-IH rpaHH'IHOrO 3Ha'leHIIH ):IJIH
MeJIKOH c<l>epH'IeCKOH TOHKOH :)JlaCTH'IHOH 060JIO'lKII nocToHHHOH TOJIll\HHbI npH yCJIOBHH Harpy30K caMO
ypaBHoBeIlIHBalOll\erO KpaH. ACHMnTOTH'IeCKOe nOBe):leHHe 3THX TO'lHbIX peIlIeHHH yCTaHaBJIHBaeT 3aBHCH
MOCTb COCTOHHHH HanpHJKeHHH BHYTpeHHeH If KpaeBoi!: 30HbI OT npHMeHHeMbIX Harpy30K. YCTaHoBneHbI
OTHOIlIeHHH MeJK):Iy 3TIIMH H npe):lbI):IYll\HMIf pe3yJIbTaTaMIf, nony'leHHbIMH npHMbIM aCHMnTOTH'IeCKIfM
aHanH30M 3THX np06JIeM rpaHH'IHbIX 3Ha'leHIIH.


